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Abstract

In this paper, we give a new method for deciding whether a given nonsingular
algebraic curve in Kn, which is an intersection of n−1 hypersurfaces, is polynomially
parameterizable, and if so computing such a parametrization. Our method is based
on locally nilpotent derivations theory.
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1 Introduction

Rational parametrization of algebraic curves is one of the basic problems in
algebraic geometry. It has interested many authors in the last years due to its
important applications in geometric modeling, see e.g. [19,18,13,5,3,20,15,17].
Computing a rational parametrization essentially requires an analysis of the
singularities of the curve in the projective plane. This may actually be achieved
either by blow-up techniques or by Puiseux expansions.

Rational curves which have a polynomial parametrization are an interesting
class of curves in so far as there are specific methods which apply to them and
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not to general rational curves, see e.g. [14,10,9,11,12,8,2,6]. It is therefore very
useful to decide whether a given space curve has a polynomial parametrization.

In [1] Abhyankar proved that a rational plane algebraic curve is polynomially
parameterizable if and only if it has one place at infinity. A simpler character-
ization of such curves, together with an algorithm to compute a polynomial
parametrization in case it exists, is given in [14]. Notice However that this
method requires a rational parametrization of the algebraic curve to be avail-
able. Recently, in [16] an algorithm based on the Abhyankar-Moh theorem [4]
is given for the case of nonsingular plane curves.

In this paper we are interested with the case of nonsingular n-space curves
given as intersection of n−1 hypersurfaces. More precisely, let f = f, . . . , fn−1

be a list of polynomials in K[x1, . . . , xn], Cf be the intersection of the hyper-
surfaces fi = 0 and K[Cf ] be the coordinate ring of Cf . By studying the
K[Cf ]-module of K-derivations of K[Cf ], we prove that Cf is an algebraic curve
having a polynomial parametrization if and only if K[Cf ] has a locally nilpo-
tent K-derivation whose ring of constants is K. We also show how to get a
polynomial parametrization in such a case.

2 Basics on locally nilpotent derivations

In this section, we fix notations and give some basic facts concerning deriva-
tions that will be used in the sequel.

Throughout this paper we let K be a commutative field of characteristic zero
and A be a commutative K-algebra. A K-derivation of A is a K-linear map
X : A −→ A satisfying the Leibnitz rule

X (ab) = aX (b) + X (a)b

for all a, b ∈ A. We denote by DerK(A) the A-module of K-derivations of A.
If A is a domain, then any K-derivation X of A can be uniquely extended to
the quotient field of A.

The set of K-derivations of A has a natural structure of A-module. In case
A is a field of transcendence degree d over K, DerK(A) is a K-vector space of
dimension d.

Let X be a K-derivation of A. The subring {a ∈ A ; X (a) = 0} of A is called
the ring of constants of X and is denoted by AX . We say that X is locally
nilpotent if for any a ∈ A there exists a positive integer n such that X n(a) = 0.
In this case we define the degree of a with respect to X as degX (a) = n − 1,
where n stands for the least power of X which vanishes at a. To check that
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a K-derivation is locally nilpotent it suffices to check that every element of a
generating system of the K-algebra A is annihilated by a suitable power of X .

The sum of two locally nilpotent derivations is not necessarily locally nilpotent.
However, if X is locally nilpotent and a ∈ AX then aX is also locally nilpotent.

An element s ∈ A is called a slice of X if X (s) = 1. A nonzero locally nilpotent
derivation does not always have a slice. However, it always has a preslice, i.e.
an element d such that X (d) ∈ AX \ {0}.

Let X be a locally nilpotent K-derivation of A and t be an indeterminate over
A. We extend X to a K[t]-derivation of A[t] by putting X (t) = 0, and for any
a ∈ A[t] we define the exponential exp(tX ).a as

exp(tX ).a =
∑
i≥0

X i(a)

i!
ti.

Since X is locally nilpotent the above sum is always finite, and exp(tX ) is a
K[t]-automorphism of A[t] whose inverse is exp(−tX ).

Let X be a locally nilpotent K-derivation of A. For any a and s in A we have
the following algebraic identity (see Lemma 1.3.20 in [7])

a =
∑
i≥0

1

i!
exp(−sX )(X i(a))si, (1)

where exp(−sX )(X i(a)) is the element of A obtained after substituting −s
to t in the expression exp(tX ).X i(a). If moreover s is a slice of X then
1
i!

exp(−sX )(X i(a)) belongs to AX for any i. This yields the following fun-
damental result, see e.g. [7,21].

Theorem 2.1 Let X be a locally nilpotent K-derivation of A having a slice
s. Then A is a polynomial ring in terms of s over AX , i.e A = AX [s]. More-
over, if a1, . . . , al is a generating system of the K-algebra A, then the list
exp(−sX )(a1), . . . , exp(−sX )(al) is a generating system of AX .

3 Parametrization of nonsingular algebraic curves

Let K[x] = K[x1, . . . , xn] be the polynomial ring in n indeterminates with
coefficients in K (we often use K[n] to denote such a ring). Let f = f1, . . . , fn−1

be a list of polynomials in K[x], I(f) be the ideal generated by f1, . . . , fn−1

and Cf be the algebraic set defined as the intersection of the hypersurfaces
fi = 0. The coordinate ring K[x]/I(f) of Cf will be denoted by K[Cf ].

3



Let Jac(f) be the Jacobian matrix of f . This is an n by n− 1 matrix, and so
it has exactly n minors. Recall that a point of Cf is singular if and only if all
the principal minors of Jac(f) vanish at this point.

Let Xf be the K-derivation of K[x] defined by

Xf (h) = det Jac(f, h).

It is obvious to see that Xf (fi) = 0 for any i = 1, . . . , n − 1, and therefore
Xf induces a K-derivation of K[Cf ]. By abuse of notation we also use Xf to
denote such a derivation.

The following theorem is the basic theoretical result which makes our method
working.

Theorem 3.1 Let f = f1, . . . , fn−1 be a list of polynomials in K[x], and as-
sume that Cf is an irreducible nonsingular curve. Then DerK(K[Cf ]) is a free
K[Cf ]-module of rank 1 generated by Xf . Moreover, any fixed point free K-
derivation of K[Cf ] generates DerK(K[Cf ]).

Proof. Let X be a K-derivation of K[Cf ] and L be the quotient field of K[Cf ].
Since L has characteristic zero the dimension of the L-vector space DerK(L) is
equal to the transcendence degree of L over K, namely 1. Hence, by extending
the two K-derivations X and Xf to L we obtain the relation X = hXf , where
h ∈ L. This means that

qX = pXf , (2)

where p, q ∈ K[Cf ] are such that h = p
q
. Now we will prove that q divides

p. For this, let us write X =
∑n

i=1 gi∂xi
and Xf =

∑n
i=1 mi∂xi

. Notice that
m1, . . . ,mn are, up to sign changes, the principal minors of the matrix Jac(f).

On the first hand, the fact that the curve is nonsingular implies, by Hilbert’s
Nullstellensatz, that

1 =
n∑

i=1

αimi, (3)

where α1, . . . , αn ∈ K[Cf ]. On the other hand, from the equality (2) we obtain

q.gi = p.mi

for i = 1, . . . , n. Then following equation (3) we deduce that

q.
n∑

i=1

αigi = p.
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This implies that q divides p, and hence Xf generates DerK(K[Cf ]).

Given any fixed point free K-derivation X =
∑

i gi∂xi
of K[Cf ] we have an

identity
∑

i βigi = 1, with β1, . . . , βn ∈ K[Cf ]. As shown for Xf , this is enough
to show that X generates DerK(K[Cf ]).

We can now state the main result of this paper.

Theorem 3.2 Let f = f1, . . . , fn−1 be a list of polynomials in K[x]. Then the
following properties are equivalent:

i) K[Cf ] 'K K[1],

ii) Xf is locally nilpotent and K[Cf ]
Xf = K.

In this case, Cf is a nonsingular irreducible curve, Xf has a slice s and a
polynomial parametrization of Cf is given as follows:

γi(t) =
∑
j

1

j!
exp(−sXf )(X j

f (xi))t
j, i = 1, . . . , n.

Proof. i) ⇒ ii) The assumption i) implies in particular that Cf is irreducible
and nonsingular, and also that only the elements of K\{0} are units of K[Cf ].

Let φ : K[Cf ] −→ K[t] be a K-isomorphism and ∂t be the partial derivative of
K[t]. The map X = φ−1 ◦∂t ◦φ is then a K-derivation of K[Cf ]. Since moreover
∂t is locally nilpotent, has a slice and its ring of constants is K it is so for
the K-derivation X . In particular X is fixed point free and so it generates
DerK(K[Cf ]) according to theorem 3.1. Let us write Xf = pX , with p ∈ K[Cf ].

On the other hand, by theorem 3.1 Xf generates DerK(K[Cf ]), and so we may
write X = qXf , with q ∈ K[Cf ]. This gives pq = 1 and so p and q are nonzero
constants in K.

Since X is locally nilpotent and its ring of constants is K it is so for Xf ,
according to the fact that Xf = pX and p ∈ K \ {0}.

ii) ⇒ i) For any i = 1, . . . , n let ri = degXf
(xi). Since the ring of constants of

Xf is K we have X ri
f (xi) ∈ K \ {0}. This allows us to construct a slice of Xf

by putting

s = (X ri
f (xi))

−1X ri−1
f (xi)

for some i. Hence, by Theorem 2.1 we get K[Cf ] = K[s], and a parametrization
of the curve Cf is obtained by expressing the coordinates xi in terms of s by
using the relation (1).
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In order to make algorithmic the characterization of polynomially parameter-
izable curves given in theorem 3.2 we need a criterion to decide whether Xf is
locally nilpotent. Such a criterion is given in the following proposition.

Proposition 3.3 If Xf is locally nilpotent and K[Cf ]
Xf = K, then for any

k = 1, . . . , n we have degXf
(xk) ≤

∏n−1
i=1 deg fi.

Proof. Write γ(x, t) = (γ1(x, t), . . . , γn(x, t)), with γi(x, t) = exp(tXf ).xi.
Since exp(tXf ) is a K[t]-automorphism of K[Cf ][t] we have

fi(γ(x, t)) = exp(tXf ).fi(x1, . . . , xn)

for any i = 1, . . . , n− 1. According to the fact that Xf (fi) = 0, this gives

fi(γ(x, t))) = fi(x).

Let di = degt(γi(x, t)) and α ∈ Cf be such that deg(γi(α, t)) = degt(γi(x, t))
for any i = 1, . . . , n. This means in particular that di = degXf

(xi).

On the other hand, the fact that fi(α) = 0 gives fi(γ(α, t)) = 0 for any
i = 1, . . . , n − 1, and therefore γ(α, t) is a parametrization of the algebraic
curve Cf .

Let c be an indeterminate. Clearly, the polynomial γi(α, t) − c is irreducible
in K(c)[t], and so it has di distinct roots in an algebraic closure K(c) of K(c).
If we denote by Cf the extension of the algebraic curve Cf to K(c), then any
root τ of γi(α, t) − c gives a point β of Cf which satisfies βi = c. Conversely,
any point β of Cf with βi = c satisfies β = γ(α, τ), where γi(α, τ) = c for some
τ ∈ K(c). Thus di is the number of points β of Cf such that βi = c. On the
other hand, the set of such points is the solution set of the system

f1(x) = 0, . . . , fn−1(x) = 0, xi = c.

By Bézout theorem this system has at most
∏n−1

i=1 deg(fi) solutions, which
implies that di ≤

∏n−1
i=1 deg(fi).

4 Algorithm

In this section we give a description of the main steps of the algorithm. We then
give some details on its implementation together with some computational
examples.

6



4.1 Description of the algorithm

The algorithm we are going to describe works over any field of characteristic
zero, provided that its elements can represented in a computer.

Input: A list f = f1, . . . , fn−1 of polynomials in K[x].

Output: A polynomial parametrization of Cf if it exists.

step1: We check whether the derivation Xf is locally nilpotent. To do so, we
use proposition 3.3 to check that every element xk is annihilated by a power
of Xf which does not exceed

∏
i deg(fi).

step2: According to Theorem 3.2, we check whether X rk
f (xk) is a nonzero

constant for all k, where rk = degXf
(xk) . If it is the case, we construct a slice

s of Xf by putting
s = (X rk

f (xk))
−1X rk−1

f (xk).

step3: By Theorem 2.1, the ring of constants of Xf is generated by the list
exp(−sXf ).x1, . . . , exp(−sXf ).xn. So to check if K[Cf ]

Xf = K, it suffices to
check if exp(−sXf ).xk ∈ K for all k.

step4: According to equation (1), for every k ≤ n the coordinate xk can be
expressed as a polynomial in terms of s as follows:

xk =
∑
i=0

1

i!
exp(−sXf )(X i

f (xk))s
i.

Remark 4.1 The algorithm does not check whether Cf is an algebraic curve,
i.e. the ideal I(f) is equidimensional of dimension 1. It is also important to
notice that the algorithm does not check whether Cf has a polynomial parame-
trization with coefficients in an algebraic extension of the ground field K.

4.2 Examples

The computer algebra system we used for implementation is Maple 9. The
following examples have been processed on a 1.6 GHz Pentium M with 1 Mb
of cache and 512 Mb of RAM running Windows.

(1) The first example is in the ring Q[x, y].

Input: f = 10−26 x−9 y +90 yx10 +10 y3x6−6 xy−668 yx3 +191 x2y +
15 xy4 +5 yx12 +10 y2x9 +5 x3y4− y2 +186 x3 +7 y3 +1037 x5− 601 x4−
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1349 x6 + 1359 x7 − 1106 x8 + 762 x9 − 421 x10 + 205 x11 − 5 y4 − 75 x12 +
25 x13 − 5 x14 + y5 + x15 + 63 xy2 + 1092 yx4 − 291 x2y2 − 1302 x5y +
471 y2x3 + 1211 yx6 + 70 y3x4 + 120 y2x7 − 5 x2y4 − 20 x11y − 20 x5y3 −
30 x8y2 − 60 xy3 − 480 y2x4 − 840 yx7 + 110 x2y3 + 420 x5y2 + 515 x8y −
220 yx9 − 80 y3x3 − 220 y2x6.

Output:

x(t) = −3− 5 t− 3 t3 + t5,

y(t) = 46 + 179 t + 250 t2 + 233 t3 + 300 t4 + 189 t5 − 10 t6 + 60 t7,

−60 t8 − 63 t9 + 10 t10 − 12 t11 + 9 t13 − t15.

(2) The second example is in the ring Q[x, y, z].

Input:

f = −x6 + x− z2 + 2 zx3 − 2 zy2 + 2 y2x3 − y4,

g = −1/2 x9 + y − 3/2 xz + 1/2 z3 − 3/2 x3z2 + 3/2 z2y2 + 3/2 zx6,

−3 x3zy2 + 3/2 zy4 + 3/2 x3 + 3/2 y2x6 − 3/2 x3y4 − 3/2 xy2 + 1/2 y6.

Output:

x(t) = t2,

y(t) = t3 − 3/2 t6 + 3/2 t8,

z(t) = t + t9 − 3 t11 − 9/4 t12 + 9/2 t14 − 9/4 t16.

Notice in this example that the maximal degree of the polynomials in the
parametrization is 16, while the expected degree is 54. The reason of this
drop in degree is the presence of a “big” singular point of the curve at
infinity. This is always the case for curves of degree at least 3.

(3) Another example is in Q[x1, x2, x3, x4].

Input:

f = 25 x1 − 6 x2 + 2 x3 + 1/2 x2
1,

g = x1 + x2 + 2 x3 + x4 + x1 x2,

h = 16 x1 − 14 x2 + 2 x4 + x2
2.
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Output:

x1 = 49
9
− 144 t2,

x2 = 175
9
− 72 t− 144 t2,

x3 = −5551
324

− 216 t + 1760 t2 − 5184 t4,

x4 = −15631
162

+ 896 t + 352 t2 − 10368 t3 − 10368 t4.

Here again, the maximal degree of the parametrization is 4 while the
expected degree is 8.

5 Conclusion

In this paper we presented a new algorithm, based on locally nilpotent deriva-
tions theory, to decide whether an intersection of n − 1 hypersurfaces in the
affine n-space is a polynomially parameterizable algebraic curve. The basic
theoretical ingredient that makes our method working is theorem 3.1.

Most likely, theorem 3.1 remains true for any nonsingular algebraic curve.
Thus, to extend our method to general nonsingular curves one needs to com-
pute a fixed point free derivation on the coordinate ring of the given curve.

For the case of an eventually singular curve, one can compute a nonsingular
model of the given curve and reduce to the nonsingular case. These possible
extensions will be studied in details in a future work.
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